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1. Introduction
Kaneko and Koike introduced the concept of “extremal” quasimodular form for PSL2(Z) in [2]. The
quasimodular form of weight k for PSL2(Z) is given as
∑
α+2β+3γ=k/2
Cα,β,γ E
α
2 E
β
4 E
γ
6 ,
* Corresponding author.
E-mail addresses: dynamixaxs@gmail.com (Y. Sakai), tsutsumi@ouhs.ac.jp (H. Tsutsumi).
1 Current address: International Institute for Carbon-Neutral Energy Research Administrative Oﬃce Kyushu University, 744,
Motooka, Nishi-ku, Fukuoka 819-0395, Japan.0022-314X/$ – see front matter © 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jnt.2012.03.001
Y. Sakai, H. Tsutsumi / Journal of Number Theory 132 (2012) 1896–1909 1897where Ek is the Eisenstein series of weight k for PSL2(Z) and Cα,β,γ ∈C; the quasimodular form f of
weight k is extremal if its ﬁrst m Fourier coeﬃcients vanish where m is the dimension of the space
of the quasimodular forms of weight k, whose degree as a polynomial in E2, which is termed depth,
is equal to or less than the degree of those of f .
In the case of depth zero (the case of modular forms), there exists a unique (up to a constant
multiple) extremal quasimodular form of weight k that has the highest order of vanishing at inﬁnity
in the space of modular forms of weight k. This is a direct consequence of the structure of the ring
of modular forms on PSL2(Z). Kaneko and Koike have constructed extremal quasimodular forms of
weight k and depth 1 or 2 as the solution of characteristic differential equations in [2].
In particular, the cases of weight k ≡ 0 mod 6 and depth 1 are interesting. For these cases, the
corresponding differential equations have been extensively studied in connection with the Atkin or-
thogonal polynomials. Moreover, the Atkin orthogonal polynomials relate to supersingular elliptic
curves (cf. [4]); consequently, the extremal quasimodular forms relate to these curves.
In this study, we deﬁne the extremal quasimodular form for a congruence subgroup using same
approach as that used for PSL2(Z) and analyze the depth 1 case for the Hecke subgroups of lev-
els 2, 3, and 4 because the Atkin orthogonal polynomials for these groups have already been studied
in [5]. The extremal quasimodular form is deﬁned in Section 2, and explicit formulae of the extremal
quasimodular forms of depth 1 are given in Section 3. In Section 3, we will also ﬁnd such a form
is a solution of a speciﬁc differential equation. In Section 4, we discuss the quasimodular form that
is naturally deﬁned by the Atkin inner product for the Hecke subgroups of levels 2, 3, and 4, and,
unfortunately ﬁnd that it is unrelated to the extremal quasimodular form. In Section 5, the ﬁnal sec-
tion of this paper, we describe the quasimodular form for the Hecke subgroup of level 2ν (ν > 2),
which satisﬁes the differential equations that are similar to those for levels 1, 2, 3, and 4. For ν > 3,
the solution is not the extremal quasimodular form of depth 1, but it is a quasimodular form whose
Fourier series starts with the term qn , where n is greater than the dimension of the space of the
quasimodular forms of weight k and depth 1.
2. Deﬁnition and preliminaries
In this section, we deﬁne the extremal quasimodular form for the congruence subgroup and pro-
vide notations for modular forms of the Hecke subgroups of levels 1, 2, 3, and 4.
Let Γ0(N) be the congruence subgroup of level N . Let χ be a Dirichlet character modulo N satis-
fying χ2 = id. Therefore from [3], the quasimodular form f of weight k with a character χ for Γ0(N)
is uniquely written as
f = f0 + f1E2 + f2E22 + · · · + fr Er2,
where r  0, f i (0  i  r) is a modular form of weight k − 2i with a character χ for Γ0(N) and
fr ≡ 0, and E2 is the Eisenstein series of weight 2 for PSL2(Z). We call f a quasimodular form of
weight k and depth r with a character χ for Γ0(N). Then, we use QM(r)k (Γ0(N),χ) to deﬁne the C-
vector space of quasimodular forms of weight k and depth not greater than r with a character χ for
Γ0(N). Then QM(0)k (Γ0(N),χ) =Mk(Γ0(N),χ), where Mk(Γ0(N),χ) is the space of modular forms
of weight k with a character χ for Γ0(N). When χ is trivial, we denote them by QM(r)k (Γ0(N),χ) =
QM(r)k (Γ0(N)), Mk(Γ0(N),χ) =Mk(Γ0(N)),
Obviously, the depth r does not exceed [ k2 ], where [ ·· ] is the Gauss symbol, therefore, we can
observe the chain of inclusion of the space
Mk
(
Γ0(N),χ
)=QM(0)k (Γ0(N),χ)⊆QM(1)k (Γ0(N),χ)⊆ · · · ⊆QM([ k2 ])k (Γ0(N),χ)
=QM([
k
2 ]+1)(Γ0(N),χ)= · · · .k
1898 Y. Sakai, H. Tsutsumi / Journal of Number Theory 132 (2012) 1896–1909For the Eisenstein series of weight 2 for Γ0(N), the Hecke subgroup of level N , at i∞, deﬁned by
E(N)2 (τ ) =
∏
p|N, p:prime
p2
p2 − 1
∑
u|N
μ(u)
u2
E2
(
N
u
τ
)
,
where μ(u) is the Möbius function,
N
∏
p:prime
p|N
(
1+ 1
p
)
E(N)2 − E2,
is a modular form of weight 2 for Γ0(N); therefore, the quasimodular form of weight k and depth r
with a character χ for Γ0(N) is uniquely written as
f = f˜0 + f˜1E(N)2 + f˜2
(
E(N)2
)2 + · · · + f˜ r(E(N)2 )r,
where f˜ i (0 i  r) is a modular form of weight k − 2i with a character χ for Γ0(N) and f˜ r ≡ 0. For
N = 1, 2, 3, and 4, the Fourier expansion of E(N)2 is given by
E(1)2 (τ ) = E2(τ ) = 1− 24
∞∑
n=1
(∑
d|n
d
)
qn = 1− 24q − 72q2 − 96q3 − · · · ,
E(2)2 (τ ) = 1− 8
∞∑
n=1
(∑
d|n
(−1)dd
)
qn = 1+ 8q − 8q2 + 32q3 − 40q4 + · · · ,
E(3)2 (τ ) = 1+ 3
∞∑
n=1
(∑
d|n
d
)
qn − 27
∞∑
n=1
(∑
d|n
d
)
q3n = 1+ 3q + 9q2 − · · · ,
and
E(4)2 (τ ) = E(2)2 (2τ ) = 1− 8
∞∑
n=1
(∑
d|n
(−1)dd
)
q2n = 1+ 8q2 − 8q4 + · · · ,
where τ is a variable in the complex upper half plane and q = e2π iτ .
Now, we deﬁne the objective of this study.
Deﬁnition. Let f =∑∞n=0 anqn be a quasimodular form of weight k and depth r with a character χ
for Γ0(N) and
m = dimCQM(r)k
(
Γ0(N),χ
)= r∑
i=0
dimCMk−2i
(
Γ0(N),χ
)
.
Then, f is an extremal quasimodular form if its ﬁrst m Fourier coeﬃcients satisfy
a0 = a1 = · · · = am−2 = 0, am−1 = 0.
Moreover, if am = 1, f is said to be normalized.
Y. Sakai, H. Tsutsumi / Journal of Number Theory 132 (2012) 1896–1909 1899The main focus of this study is to analyze the extremal quasimodular form of weight k and depth
1 for the Hecke subgroups of levels 2, 3, and 4. For this purpose and for readers’ convenience, we
give the following: the operator that transfers the modular form of weight k into the modular form of
weight k + 2 (∂k-operator), the explicit expression of necessary forms (forms), analog of the discrim-
inant functions (discriminant), Hauptmodul of the ﬁeld of the modular functions (Hauptmodul), and
structure of the space of modular functions of weight k (structure) and its dimension (dimension).
Here, the “analog” has the following properties: (i) its log derivative coincides with the Eisenstein
series of weight 2 at i∞ for the corresponding Hecke subgroup and (ii) it has zero points only on the
cusp i∞.
Case of N = 1 (k: positive even integer).
∂k-operator:
∂k( f ) = f ′ − k12 E2 f :Mk
(
SL2(Z)
)→Mk+2(SL2(Z)),
forms: Eisenstein series of weight 4 and 6:
E4(τ ) = 1+ 240
∞∑
n=1
(∑
d|n
d3
)
qn = 1+ 240q + 2160q2 + 6720q3 + · · · ,
E6(τ ) = 1− 504
∞∑
n=1
(∑
d|n
d5
)
qn = 1− 504q − 16632q2 − 122976q3 − · · · ,
discriminant:
1(τ ) = (τ) = η(τ )24 = q − 24q2 + 252q3 − 1472q4 + · · · ,
Hauptmodul: the elliptic modular invariant:
j1(τ ) = j(τ ) = E4(τ )
3
(τ)
= 1
q
+ 744+ 196884q + 21493760q2 + · · · ,
structure:
Mk
(
SL2(Z)
)= ⊕
4α+6β=k
CEα4 E
β
6 ,
dimension:
dimCMk
(
SL2(Z)
)={ [ k12 ] for k ≡ 2 mod 12,[ k12 ] + 1 otherwise.
Remark 1. We use η for the Dedekind eta function, which is deﬁned by
η(τ ) = q 124
∞∏
n=1
(
1− qn)= q 124 − q 2524 − q 4924 + q 12124 + · · · ,
where the symbol ′ stands for 12π i
d
dτ .
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∂k-operator:
∂k( f ) = f ′ − k4 E
(2)
2 f :Mk
(
Γ0(2)
)→Mk+2(Γ0(2)),
forms and discriminant:
H2(τ ) = 1+ 24
∞∑
n=1
(∑
d|n
d:odd
d
)
qn = 1+ 24q + 24q2 + · · · ,
2(τ ) = η(2τ )
16
η(τ )8
= q + 8q2 + 28q3 + 64q4 + · · · (discriminant),
Hauptmodul:
j2(τ ) = H2(τ )
2
2(τ )
= 1
q
+ 40+ 276q − 2048q2 + 11202q3 + · · · ,
structure and dimension:
Mk
(
Γ0(2)
)= ⊕
2α+4β=k
CHα2 
β
2 , dimCMk
(
Γ0(2)
)= [k
4
]
+ 1.
Case of N = 3 (k: positive integer).
∂k-operator:
∂k( f ) = f ′ − k3 E
(3)
2 f :Mk
(
Γ0(3),
( ·
3
)k)
→Mk+2
(
Γ0(3),
( ·
3
)k+2)
,
forms and discriminant:
I3(τ ) = 1+ 6
∞∑
n=1
(∑
d|n
(
d
3
))
qn = 1+ 6q + 6q3 + · · · ,
3(τ ) = η(3τ )
9
η(τ )3
= q + 3q2 + 9q3 + 13q4 + · · · (discriminant),
Hauptmodul:
j3(τ ) = I3(τ )
3
3(τ )
= 1
q
+ 15+ 54q − 76q2 − 243q3 + · · · ,
structure and dimension:
Mk
(
Γ0(3),
( ·
3
)k)
=
⊕
α+3β=k
CIα3 
β
3 , dimCMk
(
Γ0(3),
( ·
3
)k)
=
[
k
3
]
+ 1.
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Case of N = 4 (k: positive half integer).
∂k-operator:
If k is not an odd integer,
∂k( f ) = f ′ − k2 E
(4)
2 f :Mk
(
Γ0(4)
)→Mk+2(Γ0(4)).
If k is an odd integer,
∂k( f ) = f ′ − k2 E
(4)
2 f :Mk
(
Γ0(4),
(−1
·
)k)
→Mk+2
(
Γ0(4),
(−1
·
)k+2)
,
forms and discriminant:
θ(τ ) =
∑
n∈Z
qn
2 = 1+ 2q + 2q4 + 2q9 + 2q16 + · · · ,
4(τ ) = η(4τ )
8
η(2τ )4
= q + 4q3 + 6q5 + 8q7 + · · · (discriminant),
Hauptmodul:
j4(τ ) = θ(τ )
4
4(τ )
= 1
q
+ 8+ 20q − 62q3 + 216q5 − · · · ,
structure and dimension:
If k is not an odd integer,
Mk
(
Γ0(4)
)= ⊕
α
2 +2β=k
Cθα
β
4 , dimCMk
(
Γ0(4)
)= [k
2
]
+ 1.
If k is an odd integer,
Mk
(
Γ0(4),
(−1
·
)k)
=
⊕
α
2 +2β=k
Cθα
β
4 , dimCMk
(
Γ0(4),
(−1
·
)k)
=
[
k
2
]
+ 1.
Remark 3. The ∂k-operator satisﬁes the Leibniz rule:
∂k+l( f g) = ∂k( f )g + f ∂l(g).
The following are some examples of extremal quasimodular forms with low weight for Γ0(2).
Example.
(1) Depth 1, weight 6:
H32 − 34H22 − H22E(2)2 + 18E(2)2 2
4800
= q3 + 3q4 + 78
5
q5 + 32q6 + 90q7 + · · · .
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H22 + 1282 − 10H2E(2)2 + 9(E(2)2 )2
3072
= q3 + 3
2
q4 + 6q5 + 8q6 + 18q7 + · · · .
(3) Depth 3, weight 6:
31H32 + 896H22 − 181H22E(2)2 − 49922E(2)2 + 525H2(E(2)2 )2 − 375(E(2)2 )3
2580480
= q5 + 10
7
q6 + 60
7
q7 + 80
7
q8 + 260
7
q9 + 324
7
q10 + 800
7
q11 + 960
7
q12 + · · · .
3. Extremal quasimodular forms of depth 1 for the Hecke subgroups of levels 2, 3, and 4
The purpose of this section is to give the extremal quasimodular forms of weight k and depth 1 for
the Hecke subgroups of levels 2, 3, and 4. This section also provides the explicit differential equations
that are satisﬁed by these forms.
Deﬁne polynomials Pn(x), Qn(x), Rn(x), Sn(x) (n = 1,2, . . .) by the initial values
P1(x) = R1(x) = 1, P2(x) = R2(x) = x, Q 1(x) = S1(x) = 0, Q 2(x) = S2(x) = 1
and the recursions
Pn+1(x) = xPn(x) − μn−1Pn−1(x) (n 2),
Qn+1(x) = xQn(x) − μn−1Qn−1(x) (n 2),
R2m(x) = xR2m−1(x) − ν2m−2R2m−2(x) (m 2),
R2m−1(x) = x2R2m−2(x) − ν2m−3R2m−3(x) (m 2),
S2m(x) = xS2m−1(x) − ν2m−2S2m−2(x) (m 2),
S2m−1(x) = x2S2m−2(x) − ν2m−3S2m−3(x) (m 2),
where
μn = 4
(
2+ 1
n
)(
2− 1
n + 1
)
, νn = 3
4
(
3+ 3+ (−1)
n
2n
)(
3− 3− (−1)
n
2(n + 1)
)
.
Then, we have
Theorem A.
(A) The formDn (n = 1,2, . . .) that is deﬁned by
√
2(τ )
n−1
Pn
(
H2(τ )√
2(τ )
)
H2(τ ) − E(2)2 (τ )
16
−√2(τ )nQn( H2(τ )√
2(τ )
)
is an extremal quasimodular form of weight k = 2n and depth 1 for Γ0(2), and it is a solution of
f ′′(τ ) − k
2
E(2)2 (τ ) f
′(τ ) + k(k − 1)
4
E(2)2
′
(τ ) f (τ ) = 0. (1)
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(3)
n
2+ 1−(−1)
n
12
{
Rn
(
I3
3
√
3
)
I23 − E(3)2
9 3
√
32
− Sn
(
I3
3
√
3
)}
.
(1) Suppose that k = 3n − 1. Then, E2n−1 is an extremal quasimodular form of weight k and depth 1 for
Γ0(3), and it is a solution of
f ′′ −
(
2k
3
E(3)2 −
I33 − 273
3I3
)
f ′
+ (k − 1)
2
((
2k
3
E(3)2 −
I33 − 273
3I3
)′
− 3I33 + 81
2
3
I23
)
f = 0.
(2) Suppose that k = 3n. Then, E2n is an extremal quasimodular form of weight k and depth 1 for Γ0(3),
and it is a solution of
f ′′ − 2k
3
E(3)2 f
′ + k(k − 1)
3
E(3)2
′
f = 0.
(3) Suppose that k = 3n + 1. Then, I3E2n is an extremal quasimodular form of weight k and depth 1 for
Γ0(3), and it is a solution of
f ′′ −
(
2k
3
E(3)2 −
2(I33 − 273)
3I3
)
f ′
+
(
(k − 1)
2
(
2k
3
E(3)2 −
2(I33 − 273)
3I3
)′
− (k + 1)
(
3I33 − 81
2
3
I23
))
f = 0.
(C) Let k ∈ 12Z2 and n = [ k2 ] (k = 2n + l2 , l ∈ {0,1,2,3}). Then, the form Fk deﬁned by
θ(τ )l4(τ )
n
(
Pn
(
θ(τ )4
4(τ )
− 8
)(
θ4(τ ) − 84(τ ) − E(4)2 (τ )
164(τ )
)
− Qn
(
θ(τ )4
4(τ )
− 8
))
is an extremal quasimodular form of weight k and depth 1 for Γ0(4), and it is the solution of the differential
equation
f ′′ − 2(d logn4θ l) f ′ + ((k − 1)(d logn4θ l)′ − l24(θ4 − 164)) f = 0, (2)
where d log f is the logarithmic derivative of f .
Proof. We give the proof of (A) only, the proof for the other cases can be obtained in a similar
manner.
Lemma 1.Dn satisﬁes the recurrence formula
Dn+1 = H2Dn − μn−12Dn−1 (n = 2,3, . . .).
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And we require the following lemma.
Lemma 2. IfDn is the solution of (1) with weight k = 2n (n = 1,2, . . .), we have
(k + 1)H2Dn+1 + 4∂k+1(Dn+1) = 2(k + 2)μn2Dn. (3)
Proof. We prove this lemma by induction on n. When n = 1, we can verify it directly. Assume that
Dn and Dn−1 satisfy relation (3):
(k − 1)H2Dn + 4∂k−1(Dn) = 2kμn−12Dn−1. (4)
From Lemma 1, we have
(k + 1)H2Dn+1 + 4∂k+1(Dn+1)
= ((k − 1)H22 + 1282)Dn − (k + 1)μn−1H22Dn−1 + 4H2∂k−1(Dn) − 4∂k+1(μn−12Dn−1).
By (4), the Leibniz rule of ∂k-operator and 2∂2(H2) = 642 − H22,
(k + 1)H2Dn+1 + 4∂k+1(Dn+1) = k + 12k
(
(k − 1)H22 + 1282
)Dn − 8
k
∂k+1 ◦ ∂k−1(Dn).
Here, we rewrite the differential equation (1) using the ∂k-operator:
∂k+1 ◦ ∂k−1( f )(τ ) = k
2 − 1
16
(
H2(τ )
2 − 642(τ )
)
f (τ ).
Because Dn is a solution of (1), we have
(k + 1)H2Dn+1 + 4∂k+1(Dn+1) = 32(k + 1)
2
k
2Dn = 2(k + 2)μn2Dn. 
First, we show that Dn is a solution of (1) with weight k by induction.
We can verify this directly for n = 1 and 2. Let us suppose that Dn and Dn−1 are solutions of (1)
with weights k and k − 2, respectively. From Lemma 1, the Leibniz rule of the ∂k-operator, 2∂2(H2) =
642 − H22 and ∂4(2) = 0,
∂k+3 ◦ ∂k+1(Dn+1) = 12
(
H22 − 642
)(
H2Dn − 2∂k−1(Dn)
)
+ H2∂k+1 ◦ ∂k−1(Dn) − μn−12∂k−1 ◦ ∂k−3(Dn−1).
Because Dn and Dn−1 are solutions of (1),
∂k+3 ◦ ∂k+1(Dn+1) = (k + 3)(k + 1)16
(
H22 − 642
)Dn+1
+ 1
4
(
642 − H22
)(
(k − 1)H2Dn + 4∂k−1(Dn) − 2kμn−12Dn−1
)
.
Thus, from Lemma 2, prove that Dn+1 is a solution of (1).
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to only show the “extremality” of Dn .
Because Dn is a solution of (1), the characteristic polynomial of (1) is X(X − k/2), and
from the deﬁnition of Dn , we have f (τ ) = qk/2 + · · · . Comparing this to dimCQM(1)k (Γ0(2)) =
dimCMk−2(Γ0(2)) + dimCMk(Γ0(2)) = 1+ k/2, we prove (A). 
Remark 3. For k = 2n, the differential equation (2) is written as
f ′′(τ ) − kE(4)2 (τ ) f ′(τ ) +
k(k − 1)
2
E(4)2
′
(τ ) f (τ ) = 0.
Thus, for the case of levels 1, 2, 3, and 4, the second-order differential equation whose coeﬃcients are
the Eisenstein series of weight 2 for Γ0(N) and its derivative has extremal quasimodular forms as a
solution. We may expect similar results for other levels. However, this is not true, and the reason for
this is discussed in Section 5.
4. Quasimodular forms corresponding to the Atkin inner product
One of the interesting characteristics of the extremal quasimodular form of depth 1 for the full
modular form is that its explicit expression relates to the Atkin orthogonal polynomials for this group
(cf. [2, Theorem 2.3]). However, this connection no longer holds true for the Hecke subgroups of
levels 2, 3, and 4.
In this section, we explain the construction of the quasimodular forms of depth 1, which originate
from the Atkin inner product, and show that these are not extremal because the numbers of ﬁrst
vanishing terms of these q-expansion are a little insuﬃcient.
Now, we will review the necessary ingredients in the classical theory of orthogonal polynomi-
als. Let ω be a positive function on the interval [α,β] ⊂ R and (,) be the scalar product on the
polynomial ring R[x], which is deﬁned by ( f , g) = ∫ βα f (x)g(x)ω(x)dx. Then, after the application of
Gram–Schmidt process to the basis {xn}n0, the sequence of polynomials
pn(x) = xn −
n−1∑
m=0
(xn, pm(x))
(pm(x), pm(x))
pm(x), (5)
is orthogonal with respect to this scalar product and satisﬁes the three-term recursion of the form
pn+1(x) = (x− an)pn(x) − bnpn−1(x) for n 0 (6)
for some constants an,bn ∈R with the initial value p−1(x) = 0 and p0(x) = 1.
Now, φ is the moment-generating function: φ(x) =∑n0(1, xn)xn . The constants an and bn in (6)
appear in the continued fraction expansion of φ(x).
Proposition 1.With an and bn as in (6), we have
φ(x) = 1
1− a0x− b1x2
1−a1x− b2x
2
1−a2x−···
= 1
x
1
1
x − a0 − b11
x −a1− b21
x −a2−···
.
Proof. See [1, Theorem 5.8.2]. 
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Φ(y) = 1
y
φ
(
1
y
)
, (7)
and qn and sn the numerator and denominator of rn , respectively:
r0 = 0
1
:= q0
s0
, r1 = 1
y − a0 :=
q1
s1
, r2 = y − a1
(y − a1)(y − a0) − b1 :=
q2
s2
, . . .
Then, the sequences of polynomials {qn(y)}n0 and {sn(y)}n0 satisfy the following:
Proposition 2. The sequence of polynomials {sn(y)}n0 agrees with the sequence of orthogonal polynomials
{pn(y)}n0 , and the sequence of polynomials {qn(y)}n0 satisﬁes the same recursion as (6), but q0(y) = 0
and q1(y) = 1.
Proof. See [1, Lemma 5.5.2]. 
We call the sequence of polynomials {qn(y)}n0 the companion of {sn(y)}n0. Now, we are pre-
pared to construct the quasimodular form which originates from the Atkin inner product.
For f , g ∈R[ jN ] and
N l m α β
1 1728 6/π π/3 π/2
2 64 2/π π/2 π
3 27 3/2π π/3 π
4 16 1/π 0 π
the Atkin inner product for the Hecke subgroup of level N (N = 1,2,3,4) is deﬁned by
( f , g)AN =
l∫
0
f ( jN)g( jN)ωN( jN)djN , ωN( jN) =mdθN( jN)
djN
,
where the function θN : [0, l] → [α,β] is the inverse of the monotonously increasing function of θ −→
jN (
1
N (1 + eiθ )) for N = 2,3,4 and θ −→ j(eiθ ) for N = 1 (the function jN is the Hauptmodul, which
is deﬁned in Section 2. We refer the reader to [4] and [5] for details on the monotonous increasing
property of jN on [α,β] and other expressions of the Atkin inner product). We denote the Atkin
orthogonal polynomial by {A(N)n ( jN )}n0 which corresponds to (5); the companion of {A(N)n ( jN )}n0
by {B(N)n ( jN)}n0; and the n-th convergence of the continued fraction by Φ(N)( jN ), which corresponds
to (7). Then, from [4] and [5], we have
Φ(1)( j) = E2E4
jE6
, Φ(N)( jN) = E
(N)
2
( jN − l)HN
for N = 2,3, and 4, where H3 = I23 and H4 = θ4. Because jN has a simple pole at the cusp i∞, N
has a simple zero at the cusp i∞, deg jN (A(N)n ( jN )) = n, and deg jN (B(N)n ( jN )) = n − 1. We have
Theorem B. Kaneko–Koike: The form C′n deﬁned by
(τ)n−1
(
E2(τ )(τ )A
(1)
n
(
j(τ )
)− E4(τ )2E6(τ )B(1)n ( j(τ )))
is a quasimodular form of depth 1 and weight 12n + 2 for SL2(Z), and the q-series starts with the term q2n.
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2(τ )
n(A(2)n ( j2(τ ))E(2)2 (τ ) − ( j2(τ ) − 64)B(2)n ( j2(τ ))H2(τ ))
is a quasimodular form of depth 1 and weight 4n + 2 for Γ0(2), and the q-series starts with the term q2n.
(B) The form E ′n deﬁned by
3(τ )
n(A(3)n ( j3(τ ))E(3)2 (τ ) − ( j3(τ ) − 27)B(3)n ( j3(τ ))H3(τ ))
is a quasimodular form of depth 1 and weight 3n + 2 for Γ0(3), and the q-series starts with the term q2n.
(C) The form F ′n deﬁned by
4(τ )
n(A(4)n ( j4(τ ))E(4)2 (τ ) − ( j4(τ ) − 16)B(4)n ( j4(τ ))H4(τ ))
is a quasimodular form of depth 1 and weight 2n + 2 for Γ0(4), and the q-series starts with the term q2n.
Proof. We only need to prove that the forms D′n,E ′n , and F ′n have the q-expansion cq2n + O (q2n+1),
where c is a non-zero constant. This is directly derived from the following:
Lemma 3.
pn(y)Φ(y) = qn(y) + (pn(x), pn(x))
yn+1
+ O
(
1
yn+2
)
. (8)
Proof. For f (y) = a0 yn + a1 yn−1 + · · · + an , the coeﬃcient of 1/y of f (y)Φ(y) is
a0
(
1, xn
)+ a1(1, xn−1)+ · · · + an(1,1) = β∫
α
f (x)ω(x)dx = (1, f (x));
therefore, the coeﬃcient of 1/y of f (y)g(y)Φ(y) is equal to the inner product ( f (x), g(x)). Because
pn(y) is orthogonal to yi (0 i  n−1), the coeﬃcient of 1/y of yi pn(y)Φ(y) is zero for 0 i  n−1,
and the coeﬃcient of 1/y of ynpn(y)Φ(y) is (xn, pn(x)) = (pn(x), pn(x)). From Proposition 2, we
have (8). 
From the above lemma, we have
A(2)n
(
j2(τ )
)
E(2)2 (τ ) =
(
j2(τ ) − 64
)
B(2)n
(
j2(τ )
)
H2(τ ) + c
j2(τ )n
+ O
(
1
j2(τ )n+1
)
= ( j2(τ ) − 64)B(2)n ( j2(τ ))H2(τ ) + cqn + · · ·
for the case of Γ0(2), where c = (A(2)n ( j2), A(2)n ( j2))A2 = 0. Because 2(τ ) = q + · · ·, we obtain the
proof for the case of Γ0(2). The proof for other cases is similar. 
Corollary. The form C′n is extremal, but the formsD′n,E ′n, and F ′n are not extremal.
Proof. Compare with the dimension of the quasimodular form of depth 1 and weight k for the Hecke
subgroups of levels 1, 2, 3, and 4. 
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quote their proof in this section for companion and for readers’ convenience.
Remark 6. See [2] and [5] for the explicit expressions of an and bn in (6) for the case of the Atkin
inner product.
5. Observation for the case of N greater than 4
In Remark 3 in Section 3, we observe that the equation
f ′′(τ ) −
∏
p:prime
p|N
(p + 1)
6
kE(N)2 (τ ) f
′(τ ) +
∏
p:prime
p|N
(p + 1)
12
k(k − 1)E(N)′2 (τ ) f (τ ) = 0 (9)
has an extremal quasimodular form of weight k and depth 1 for the case of the Hecke subgroups of
levels N = 1,2,3, and 4. Thus, we pose the following question:
Does the differential equation (9) have the extremal quasimodular form of depth 1 as its solution
for general N?
We do not know the answer to this question yet; however, we can provide some observations for
N = 5 and 2ν (ν  3).
For the case of N = 5, we have already obtained a negative answer to the above question.
By direct computation, the extremal quasimodular forms of depth 1 for the Hecke subgroup of
level 5 are given by
• weight 2:
H5 − E(5)2
5
= q + 3q2 + 4q3 + 7q4 + · · · ,
• weight 4:
H25 − 5( j5 + 13)5 − H5E(5)2
60
= q3 + 3q4 + 9q5 + 12q6 + · · · ,
• weight 6:
−H35 + H5(17 j5 + 125)5 + E(5)2 (H25 − 12( j5 + 10)5)
600
= q5 + 18q10 + 84q15 + · · · ,
• weight 8:
11H45 − 16H25(11 j5 + 80)5 + 5(3 j25 − 527)25 − 11E(5)2 H5(H25 − (11 j5 + 105)5)
46200
,
where H5(τ ) = (5E2(5τ ) − E2(τ ))/4, 5(τ ) = η(5τ )10/η(τ )2, E(5)2 (τ ) = d log5(τ )/2, and j5(τ ) =
(η(τ )/η(5τ ))6. Moreover these forms are not the solution of (9) because the solutions of its charac-
teristic equation are not equal to dimCQM(1)k (Γ0(5)) − 1.
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Theorem C. Let k ∈ 2Z>0 and N = 2ν (ν  3). Then, the differential equation (9) has the quasimodular form
of weight k and depth 1 for Γ0(2ν) as its solution, and its q-series starts with q2
ν−2k.
Proof. The form Dn(2ν−1τ ) is a quasimodular form of weight k and depth 1 for Γ0(2ν). From Theo-
rem A(A), we can directly verify that Dn(2ν−1τ ) satisﬁes (9). 
Because
dimCQM(1)k
(
Γ0
(
2ν
))= {2ν−2(k − 2) + 3 · 2 ν2 −1, ν: even,
2ν−2(k − 2) + 2 ν+12 , ν: odd,
for N = 8 (ν = 3), Eq. (9) has the extremal quasimodular form as its solution; however, for N =
16,32, . . . (ν  4), Eq. (9) does not have the extremal quasimodular form as its solution (2ν−2k >
dimCQM(1)k (Γ0(2ν)) − 1 for n > 3). That is, when ν  4, the number of vanishing terms of the q-
expansion of the quasimodular forms satisfying (9) is more than what is required.
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